


Developed mathematics in
astronomy, physics, and statistics

Began work in calculus which led
to the Laplace Transform

ar on celestial




HISTORY OF THE TRANSFORM
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The Laplace transform is a linear operator that
switched a function f(t) to F(s).

vecifically:

faa]

F(s)=L{f(t)} = / e * f(t) dt.
]

input to a

DEFINITION



There are two governing factors that determine
whether Laplace transforms can be used:

f(t) must be at least piecewise continuous for t
i

ore M and y are constants

RESTRICTIONS




Since the general form of the Laplace
transform is:

it makes sense that f(t) must be at least

lecewise continuous for t = 0.
the integral would not

F(s) = L{f(t)} = / et d

o

CONTINUITY



This criterion also follows directly from the
general definition:

nded by MeYt then the integral

F(s) = L{f(t)} = / et (L) dt

L

BOUNDEDNESS



LAPLACE TRANSFORM THEORY

* General Theory F(s) =£(f(D) = ! e™* f(t)dt = lim j et f(t)dt
Jo T—00 o
* Example fO=1

o2 —st
L(f®) = J e**1dt = lim (E_— ;)

Jo 5

(- |
= lim ( + —)
T—=m \ —§ §

* Convergence fi)=et

E(f [t:}) = lim ’ e~stet” dt = lim [ et”~stdt — oo
T—o0 =00 Jy

T—o0
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LAPLACE TRANSFORMS

* Some Laplace Transforms
* Wide variety of function can be transformed

* |nverse Transform

L7Y(F(s)) = f(®)

* Often requires partial fractions or other
manipulation to find a form that is easy
to apply the inverse

FO) = LTHF(s)

P [P - )
3. I, n =posilive Integer

4. 7, = —1

5. sinat

. cosat

. sinhar

8. coshat

. e%gin br

. eYcosbt

. t"e", n = positive integer

120 u. (1)

13. u.(Of(t—¢)

4. ef (1)

15. f(en

t
. f fit—og)de
0
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18. fﬁ_n) (f)

9. (=0)"f(©)

TABLE 6.2.1 Elementary Laplace Transforms

Fs) = LIf}

(s—a)?+b?’
s—a

(s — )2 + b2’
n!

m, S>da

%F(%), c>0

F(s)G(s)
e—L‘S

SPF(s) — 5" (0) — - -

Fm) (S)




LAPLACE TRANSFORM FOR ODES

CY 1 w(0) = v'(0) =
Equation with initial conditionSEFTEAEEEEEAT A ke

Laplace transform is linear L")+ L(y)=L(A)

- L) — v(0)— v (0) 2 v — L
Apply derivative formula s*L(G) —sy(0) = y'(0) + L() = -

Rearrange )=t~
s(s-

Take the inverse



Laplace Transform in PDESs

Laplace transform in two variables (always taken £t} = Ulxs) = f “’E_St? gt
x,8) %)= ”

with respect to time variable, t):

Inverse laplace of a 2 dimensional PDE: LU 9)} = u(xt)

Can be used for any dimension PDE: Hulxy,z, 0} = U(xy.z5)

The Transform reduces dimension by “1”:

* ODEs reduce to algebraic equations

* PDEs reduce to either an ODE (if original equation dimension 2) or
another PDE (if original equation dimension >2)



partials w
U(0,s)=2/s?

Solving this as an ODE of variable x, U(x,s)=c(s)e>
Plugging in B.C., 2/s=c(s) + 1/s? so c(s)=2/s3- 1/s?
U(x,s)=(2/s® - 1/s?) e*+ 1/s?

Now, we can use the inverse Laplace Transform with respect to s to find
u(x,t)=t’ex-tex +t



EXAMPLE SOLLU



u, = ku,_ in (0,])
Initial Conditions:
u(0,t) = u(l,t) =1, u(x,0) =1 + sin(mx/I)

ing af(t) + bg(t) — aF(s) + bG(s)
- f(0)

aspect to x commute with the transforms
: ,S) satisfies



u, =cu, in0<x<oo
Initial Conditions:
u(0,t) = f(t), u(x,0)=u(x,0)=0

or X — %, we assume that u(x,t) o 0. Because the initial conditions
n, the Laplace transform satisfies
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* Ca
wireless networ

* Vehicle vibrations on
compressed rails

* Behavior of magnetic
and electric fields
above the
atmosphere




CAUI T

layers of differ
need to determine properties @
carriers in each layer

« concentration of electrons and
holes

* mobility of electrons and holes
conductivity tensor can be related

to Laplace transform of electron 5o
and hole densities 7




P = electrical res

H = magnetic field

J = current density

E = applied electric field

n = concentration of electrons

u = mobility EI=MI—RHJF/

E,=RHI +pl,




i g =5
1 +(HF

Jo=o E +o E,

—nep'H

e Jy=-o E +o L.,
T+ WhT




S*p)=k'epp,

;
n,,{m{ ALK %

N\

| +(pH)

(56 - S (Wl
OnlH) = .r | +(uH)?



re'“ sin(xt)di =
0

— Y
J:f cos(xt)dt H+;F

J4 (§* + 5 )cos{xt)drx
Bl

f ex(p, +n Jeos(xt)dx
<0

(8% = §7)sin(x)dx
I

exlp, - n, )sin{xf)dx
3 / i

d

dt.



Johnson, Willig
semiconductor mobility,
Physics 99 (2006).
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